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Abstract 
We prove that for a commutative integral domain R the following conditions are equivalent: 
(a) R is a Priifer domain with no non-zero idempotent prime ideals; (b) there is a one to one 
correspondence between prime ideals in R and isomorphism classes of indecomposable injec- 
tive R-modules, and every indecomposable injective R-module, viewed as a module over its 
endomorphism ring, is uniserial. This result allows us to study and describe injective modules 
over generalized Dedekind domains. Furthermore, we show that a partially ordered set is order 
isomorphic to the spectrum of a generalized Dedekind domain if and only if it is a Noetherian 
tree with a least element. 
1. Introduction 
In this paper we study some properties of the structure of generalized Dedekind 
domains and their injective modules. Generalized Dedekind domains were considered 
for the first time in [15] and studied systematically in [6]. We note in Proposition 3.1 
that a Priifer domain is a generalized Dedekind domain if and only if it is a piecewise 
Noetherian ring in the sense of [l]. 
Generalized Dedekind domains were defined in [15] as the Priifer domains R such 
that for every two distinct localizing systems F1 and FZ on R the quotient rings RF, and 
RF2 are distinct. Here we make use of the following equivalent characterization [15, 
Theorem 2.51: a domain R is a generalized Dedekind domain if and only if it is a Priifer 
domain, P # P2 for every non-zero prime ideal P of R, and every prime ideal of R is 
the radical of a finitely generated ideal. 
Every generalized Dedekind domain has a Noetherian spectrum [6, Theorem 2.71 
(in particular, it has the ascending chain condition on prime ideals), and we have 
already observed that a Priifer domain is a generalized Dedekind domain if and only if 
it is piecewise Noetherian. Therefore the definition and all the properties of general- 
ized Dedekind domains we find go towards a weakening of the corresponding 
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properties of the rings with chain conditions. For instance, we find that over a general- 
ized Dedekind domain R there is a one to one correspondence between the set Spec R 
of all the prime ideals and the set of isomorphism classes of indecomposable injective 
R-modules. This is exactly what happens for commutative Noetherian rings [12, 
Proposition 3.11. More precisely, we characterize strongly discrete Priifer domains 
(i.e., Priifer domains with no non-zero idempotent prime ideals) as those integral 
domains R for which there is a one to one correspondence between Spec R and the set 
of isomorphism classes of indecomposable injective R-modules associating the 
isomorphism class of the injective envelope of R/P to each P E Spec R, and having the 
property that every indecomposable injective R-module, viewed as a module over its 
endomorphism ring, is uniserial (Theorem 2.2). 
Then we consider the class of the integral domains R with the property that every 
homomorphic image of the field of fractions F of R is an injective R-module. We show 
(Theorem 4.3) that a generalized Dedekind domain has this property if and only if all 
the localizations RM of R at its maximal ideals are almost maximal valuation domains. 
This is not true for arbitrary Priifer domains, as was shown in [2, Section 41. 
Finally, we characterize which topological spaces are homeomorphic to the spec- 
trum Spec R of some generalized Dedekind domain R. As we show in Lemma 5.1, this 
is equivalent to characterizing which partially ordered sets are order isomorphic to 
Spec R for some generalized Dedekind domain R. We prove that a partially ordered 
set is order isomorphic to the spectrum of a generalized Dedekind domain if and only 
if it is a Noetherian tree with a least element (Theorem 5.3). Jaffard and Kaplansky 
independently had proved that every lattice ordered abelian group is the group of 
divisibility of an integral domain, and Ohm showed in [ 143 that the domains obtained 
by Jaffard’s construction are Bezout domains. Later, in his paper [ 111, Lewis showed 
that Jaffard’s construction can be used to characterize the partially ordered sets order 
isomorphic to the spectrum Spec R for some Bezout domain R. Lewis’ proof consists 
in constructing a suitable Btzout domain R for every partially ordered set X satisfying 
Kaplansky’s two properties (Kl) and (K2) (see Section 5). Here we show that if X is 
a Noetherian tree with a least element, the domain whose spectrum is order isomor- 
phic to X obtained by Lewis’ construction is a generalized Dedekind domain. (The 
discussion of the Jaffard construction is summarized in the survey article [3], where it 
is called the Krull-Kaplansky-Jaffard-Ohm construction). 
I would like to express my thanks to Marco Fontana for some discussions on the 
subject of this paper. I also wish to thank the referee for his useful suggestions. 
All rings we consider are commutative and have an identity, and all modules are 
unitary. Recall that an R-module A is linearly compact if whenever {xi + Ai 1 i E I} is 
a family of cosets of submodules of A (xi E A and Ai is a submodule of A) with the finite 
intersection property, then ni EI~i + Ai # 8. The ring R is maximal if R is linearly 
compact as an R-module, a/most maximal if R/Z is a linearly compact R-module for 
every non-zero ideal I of R, locally almost maximal if Rlu is an almost maximal ring for 
all maximal ideals M of R. An integral domain R is: a valuation domain if for any two 
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elements r and s, either r divides s or s divides r; a Prufer domain if for each maximal 
ideal M of R the localization RM is a valuation domain. 
A Priifer domain R is discrete if every primary ideal of R is a power of its radical [S, 
p. 29.51. This property is local, that is, a Priifer domain R is discrete if and only if RM is 
discrete for every maximal ideal M of R [S, p. 2951. Moreover, a valuation domain 
R is discrete if and only if for each pair H1 E H2 of consecutive convex subgroups 
of the value group G of R, the ordered factor group Hz/H1 is order isomorphic 
to Z [8, p. 2051. 
If M is an R-module and r E R, then (0 :M r) will denote the submodule of all the 
elements m EM such that rm = 0, and E,(M) will denote the injective envelope of M. 
2. Injective modules over strongly discrete Priifer domains 
A Priifer domain R is strongly discrete if P # P2 for every non-zero prime ideal P of 
R [6]. It can be proved that a valuation domain R is strongly discrete if and only if it is 
discrete and the a.c.c. for prime ideals holds in R [15, Proposition 2.41. Moreover, an 
integral domain R is a strongly discrete Priifer domain if and only if R, is a strongly 
discrete valuation domain for every maximal ideal M in R [6, Lemme 2.61. 
First of all we shall determine the indecomposable injective modules over a strongly 
discrete Priifer domain. Recall that a module E is said to be indecomposable if E # 0 
and the only direct summands of E are 0 and E itself. 
Theorem 2.1. Let E be an indecomposable injective module over a strongly discrete 
Priifer domain R. Then there exists a prime ideal P in R such that E is isomorphic to the 
injective envelope E,(R/P) of the cyclic R-module R jP. 
Proof. Set Q = {r E R I(0 :E I) # O}. Then Q is a prime ideal of R, because: 0 E Q; if 
r,s E Q, then (O:,r) n (O:,s) c (O:Er - s), so that (O:Er - s) # 0 because every non- 
zero submodule of E is essential in E; if r EQ and t E R, then 0 # (O:Er) c (O:E rt), so 
that rt EQ; if s,t E R, s #Q and st EQ, then (O:,s) = 0 and (O:Est) # 0, so that there 
exists a non-zero e EE with ste = 0; hence te ~(0:~ s) = 0, i.e., te = 0. Therefore 
e E (0 :E t), and in particular t E Q, This shows that Q is a prime ideal of R. 
Note that if r is an element of R not in Q, the multiplication by r is an injective 
morphism E + E (because (0 :E r) = 0). Hence rE g E is a direct summand of E. But 
E is indecomposable, so that the multiplication by r is an isomorphism E + E. It 
follows immediately that the R-module structure over E extends uniquely to an 
Ra-module structure over E, i.e., E is a module over the localization R, in a unique 
way. By [16, Proposition 5.51 the Rp-module E is injective. Moreover, E is indecom- 
posable as an R-module, so that it is a fortiori indecomposable as a module over the 
valuation domain R,. Hence E is the injective envelope, as an Ro-module, of some 
cyclic Ra-module Roll, where I denotes a proper ideal of R,, i.e., E g E,p(Ro/I). 
Now Ro is a strongly discrete valuation domain, and Zanardo proved in 
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[19, Theorem 41 that a valuation domain is strongly discrete if and only if every proper 
ideal is isomorphic to a prime ideal. Hence I is isomorphic to a prime ideal P’ of R,. 
By [13, Proposition l] the modules E,,(R,/Z) and ERQ(RQ/P’) are isomorphic. 
Therefore E z E,,(Ro/P’) has an element whose annihilator is P’ if E is viewed as an 
RQ-module, and whose annihilator is P’ n R if E is viewed as an R-module. Thus we 
have proved that the indecomposable injective R-module E has an element whose 
annihilator is the prime ideal P = P’ n R of R. It follows that E z ER(R/P). 0 
Recall that a module is said to be uniserial if its submodules are linearly ordered 
under inclusion. Let Spec R denote the set of all prime ideals of a commutative ring R, 
and let b(R) denote the set of the isomorphism classes of the indecomposable injective 
R-modules. Hence d(R) = {[El 1 E is an indecomposable injective R-module}, where 
[E] denotes the class of all the R-modules isomorphic to E. 
Theorem 2.2. Let R be an integral domain, Spec R the set of all prime ideals of R, d(R) 
the set of the isomorphism classes of the indecomposable injective R-modules, and 
cp: Spec R + b(R) the natural mapping defined by q(P) = [E,(R/P)] for every 
P E Spec R. The following conditions are equivalent: 
(a) R is a strongly discrete Prtifer domain; 
(b) the mapping q : Spec R + 6(R) is a bijection, and every indecomposable injective 
R-module, viewed as a module over its endomorphism ring, is uniserial. 
Proof. Note that for every prime ideal P of R the injective envelope E,(R/P) is an 
indecomposable injective R-module [ 16, Lemma 2.291, so that the mapping cp is well 
defined. 
(a) * (b) The mapping cp is injective by [16, Corollary to Lemma 2.311 and is 
surjective by Theorem 2.1. Let E be any indecomposable injective R-module and 
H = End,(E) its endomorphism ring. In order to prove that nE is uniserial, it is 
sufficient to prove that for every e,e’ E E either e E He’ or e’ E He. By [12, Proposi- 
tion 2.81 it is sufficient to show that either (0 :R e) z (0 :a e’) or (0 :R e’) E (O:, e), i.e., 
that the ideals (O:Rx), where x ranges in E, are linearly ordered under inclusion. By 
Theorem 2.1 there exists a prime ideal P of R such that E g E,(R/P). It follows that 
E is a module over the localization RP of R at P. Hence for every x E E the annihilators 
(O:I(x) are equal to (O:Rp x) n R. Since the ideals (O:Rp~) of R, are linearly ordered 
under inclusion (because RP is a valuation domain), the ideals (O:R x) are linearly 
ordered too. 
(b) *(a) Let M be an arbitrary maximal ideal in R. In order to show that R is 
a Priifer domain we must show that RM is a valuation domain, that is, for every 
a,b ERR either aR, E bRM or bRM E aRM. Set E = E,(R/M). Then E is an RM- 
module, it is the minimal injective cogenerator in the category of all R,-modules, and 
the endomorphism ring H of E as an R-module is equal to the endomorphism ring of 
E as an RM-module. Since E is uniserial as an H-module and (0 :E a), (0 :E b) are two 
H-submodules of E, it follows that either (0 :E a) G (0 :E b) or (0 :E b) C (0 :E a). Since 
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E is an injective cogenerator as an R M-module, this implies that either aR, 2 bRM or 
bRM 3 aR,. Hence R is a Prtifer domain. 
Let us show that R is a strongly discrete Priifer domain, i.e., that the valuation 
domain R, is strongly discrete for every maximal ideal M of R. By [ 19, Theorem 43 it 
is sufficient to show that every proper ideal in RM is isomorphic to a prime ideal. Let 
I be a proper ideal in the valuation domain RMu, where M denotes a maximal ideal of 
R. Then the injective envelope E = E,,w(Rlcr/Z) is an indecomposable injective Rw- 
module. It follows that E is injective as an R-module [16, Proposition 5.53. If A and 
B are two R-submodules of E and E = A@& then for every element r of R not in 
M the multiplication by Y is an automorphism qr of E, and the two R-submodules 
A and B of E are obviously stable for cpI. Therefore A and B are stable for the inverse 
automorphism cp;’ also, i.e., they are R M-submodules of E. Since E is indecompos- 
able as an R,-module, it follows that E is indecomposable as an R-module. By (b) 
there exists a prime ideal P in R such that the two R-modules E and E,(R/P) are 
isomorphic. Hence the multiplications by the elements of R not in M are automor- 
phisms of E,(R/P). It follows that P c M and that E,(R/P) is an R,-module (i.e., 
there is a unique structure on E,(R/P) as an R,-module extending its structure as an 
R-module). Since E = ER,(RM/Z) and E,(R/P) are isomorphic R-modules, they are 
isomorphic as R,-modules also. If e is any non-zero element of R/P, then the 
elements of R not in P do not annihilate e, while the elements of P annihilate e. 
Regarding E as an R,-module, we get that the elements of R, not in P, do not 
annihilate e, while the elements of PIM annihilate e. Hence PM is the annihilator of the 
non-zero element e of the R,-module E. Since E is an indecomposable injective 
R,-module, E must be R,-isomorphic to ER,(RM/PM). Therefore R,,_, is a valuation 
domain and the two R,-modules ER,(RICI/Z) and ER,(RM/PM) are isomorphic. By [13, 
Proposition 11 the two ideals Z and P, are isomorphic. Hence every proper ideal in RM 
is isomorphic to a prime ideal, and R, is a strongly discrete valuation domain. 0 
Note that the proof of Theorem 2.2 shows that for a Priifer domain R, the mapping 
cp :Spec R + b(R) defined by q(P) = [E,(R/P)] for every P E Spec R is a bijection if 
and only if R is strongly discrete. 
Recall that an ideal I in a ring R is irreducible if it is proper and there do not exist 
ideals J and K of R, properly containing I, such that Z = J n K. In a Noetherian ring 
every irreducible ideal is primary. Therefore if Z is an irreducible ideal in a Noetherian 
ring, Z is P-primary for some prime ideal P. Moreover: P is the unique prime ideal in 
the set ((I :R x)) x E R}; P is the greatest proper ideal in the set ((I :R x)) x E R} with 
respect to E ; and if x E I, then (I :R x) = R; if x $ I, (I :R x) is a P-primary ideal; if 
x $P, then (Z:,x) = I. Finally, E,(R/Z) g E,(R/P) [12, Proposition 3.11. Let us see 
how these properties extend to strongly discrete Priifer domains. 
Proposition 2.3. Let Z be an irreducible ideal in a strongly discrete Prufer domain R. 
Then P = {x ERI(Z:~X) # Zj IS a prime ideal in R containing I. Moreover, P is the 
unique prime ideal of R such that the R-modules E,(R/Z) and ER(R JP) are isomorphic. 
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Proof. Since Z is an irreducible ideal, the injective envelope E,(R/Z) of the R-module 
R/Z is indecomposable. By Theorem 2.2 there exists a unique prime ideal P in R such 
that E,(R/Z) z E,(R/P). An element x ER is in P if and only if the multiplication by 
x is an endomorphism of E,(R/P) that is not manic, i.e., if and only if the multiplica- 
tion by x is an endomorphism of E,(R/Z) that is not manic. Since R/Z is essential in 
E,(R/Z), this happens if and only if the multiplication by x is an endomorphism of 
R/Z that is not manic, that is, if and only if (Z:Rx) # I. This shows that 
P = {x E R 1 (I :R x) # I}. Seeing that Z is contained in P is now trivial. 0 
If I is an irreducible ideal in a strongly discrete Priifer domain and P is the prime 
ideal {x E R 1 (I :R x) # I} of R we shall say that Z is a P-irreducible ideal. 
Proposition 2.4. Let P be a prime ideal and I a P-irreducible ideal in a strongly discrete 
Priifer domain R. Then: 
(1) P is the unique prime ideal in the set {(Z:,x)I x ER}. 
(2) P is the greatest ideal in the set {(I :Rx) 1 x ER, (Z:,x) # R} with respect to 
inclusion. 
(3) Let x be an element of R. 
(a) Zf x E Z, then (Z :R x) = R. 
(b) If x $I, (Z:Rx) is a P-irreducible ideal. 
(c) Zf x $ P, then (Z :R x) = Z. 
Proof. (3) The statements (a) and (c) are trivial. If x is an element of R not in I, the 
ideal (I :R x) is the annihilator of the non-zero element x + Z of R/Z G E,(R/Z). Since 
ER(R/Z) is an indecomposable injective R-module, it follows that (I :Rx) is an 
irreducible ideal and that Es(R/(Z 1s x)) g E,(R/Z). By applying Proposition 2.3 to 
the irreducible ideal (Z:Rx) and noting that E,(R/(Z:,x)) = E,(R/P), we get that 
(Z :R x) is P-irreducible. 
(1) By Proposition 2.3 the modules E,(R/Z) and E,(R/P) are isomorphic. In 
particular ER(R/Z) is indecomposable, so that all its non-zero submodules are 
essential. Therefore there is a non-zero element in R/Z whose annihilator is equal to P, 
i.e., P = (I :R x) for some x E R. Moreover, if Q is any prime ideal of R and Q = (I :R x), 
then Q is a P-irreducible ideal by part (b) of (3). Hence E,(R/Q) g E,(R/P) by 
Proposition 2.3, so that Q = P by Theorem 2.2. 
(2) We have seen in (3) that all the proper ideals in the set {(I :R x) I x E Rj are 
P-irreducible ideals, and all P-irreducible ideals are contained in P. By (1) the ideal 
P belongs to {(I :Rx)I x ER}. It follows that P is the greatest ideal in the set 
{(Z:Rx)Ix CR, (Z:Rx) #R}. 0 
If Z is a P-irreducible ideal in a strongly discrete Priifer domain, P is not necessarily 
the radical of I. For instance, in a strongly discrete valuation domain all ideals are 
irreducible, and if M denotes the maximal ideal, all non-zero principal ideals are 
M-irreducible, while not all non-zero principal ideals have M as their radical. 
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Remarks. (1) From Theorem 2.1 it follows that all the indecomposable injective 
modules over a strongly discrete Priifer domain R have the following form: given 
a prime ideal P, form the localization RP of R at P, and let z denote a maximal 
immediate extension of the valuation domain Rp; if F is the field of fractions of R, then 
E,(RIP) = (FIR) @,P& , or, equivalently, E,(R/P) g g/P,%, where g de- 
notes the field of fractions of z [4, Theorem 4 and Corollary 51. Since the valuation 
domain RP is strongly discrete, its maximal ideal Pp is principal [19, Theorem 31, so 
that E,(R/P) IZ (F/R) @,g g g/z for every prime ideal P of R. 
(2) If R is a strongly discrete Priifer domain and R is locally almost maximal, the 
indecomposable injective R-modules have a particularly easy description. In this case 
all the localizations RP of R, P E Spec R, are almost maximal [7, Lemma 21, so that 
K and K are the completions of F and RP respectively, and ER( R/P) E F/Rp for 
every prime ideal P. Hence if R is a locally almost maximal strongly discrete Priifer 
domain, all the indecomposable injective R-modules are quotients of the field of 
fractions F of R. We shall come back to properties of this kind in Section 4. 
(3) In this section we have given a description of the indecomposable injective 
modules over a strongly discrete Priifer domain. A description of the indecomposable 
pure-injective modules over an arbitrary Priifer domain can be found in [S]. Note that 
there is an equivalence between the category of torsion, injective R-modules and the 
category of reduced, torsion-free RD-injective R-modules [18]. It follows that if R is 
a strongly discrete Priifer domain and @‘b(R) is the set of the isomorphism classes of 
the indecomposable torsion-free pure-injective R-modules, there is a bijection 
Spec R + Y&(R); it takes a prime P E Spec R to the pure-injective envelope of the 
localization RP of R at P. The pure-injective envelope of RP is isomorphic to any 
maximal immediate extension K of the valuation domain Rp. 
(4) We have seen in Theorem 2.2 that if R is a strongly discrete Priifer domain, E is 
an indecomposable injective R-module, and H = End,(E) is the endomorphism ring 
of E, then E, as an H-module, is uniserial. It is not difficult to prove that E, as an 
H-module, has a simple socle. 
3. Generalized Dedekind domains and piecewise Noetherian domains 
An integral domain is a generalized Dedekind domain if it is a strongly discrete 
Priifer domain and every prime ideal is the radical of a finitely generated ideal [15, 
Theorem 2.51. Equivalently, an integral domain R is a generalized Dedekind domain 
if and only if(i) Rni is a discrete valuation domain for every maximal ideal M; (ii) R has 
the a.c.c. on the prime ideals; (iii) each ideal has only finitely many prime ideals 
minimal over it [6, Lemma 2.6 and Theorem 2.71. 
Recall that a commutative ring R is said to be piecewise Noetherian [l] if (i) the set 
of prime ideals of R satisfies the ascending chain condition; (ii) R has the a.c.c. on 
P-primary ideals for each prime ideal P; and (iii) each ideal has only finitely many 
prime ideals minimal over it. 
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Proposition 3.1. A Priifer domain is a generalized Dedekind domain if and only if it is 
piecewise Noetherian. 
Proof. Let R be a generalized Dedekind domain. In order to show that R is a piece- 
wise Noetherian ring, it is sufficient to show that R has the a.c.c. on P-primary ideals 
for each prime ideal P. Since a generalized Dedekind domain is a discrete Pri.ifer 
domain, the P-primary ideals are exactly the powers of P for each prime ideal P, and it 
is obvious that the set (P” 1 k = 1,2,3, . . . } has the a.c.c. 
Conversely, let R be a piecewise Noetherian Priifer domain. In order to show that 
R is a generalized Dedekind domain, it is sufficient to show that R,,, is a discrete 
valuation domain for every maximal ideal M of R, i.e., that in Rni every primary ideal 
is a prime power. This follows from [l, Propositions 1.4 and 2.81. 0 
The Krull dimension Kdim(M) of an R-module M is defined by transfinite recursion 
as follows: if M = 0, Kdim(M) = -1; if CI is an ordinal and Kdim(M)qtcc, then 
Kdim(M) = u if there is no infinite descending chain M = M, I MI 3 ... of sub- 
modules Mi such that Kdim(Mi_,/Mi)# CI f or i = 1,2, . . [9]. It is possible that there 
is no ordinal CI such that Kdim(M) = a; in this case M is said to have no Krull 
dimension. The Krull dimension of a ring R is the Krull dimension of the R-module R. 
Corollary 3.2. Every Priifer domain with Krull dimension is a generalized Dedekind 
domain. 
Proof. Proposition 3.1 and [l, Proposition 2.31. 0 
The converse of Corollary 3.2 is not true, i.e., there exist generalized Dedekind 
domains with no Krull dimension. For instance, let Z be the ring of integers, Q the 
ring of rationals, Q [[Xl] the power series ring with coefficients in Q, and consider the 
subring R = 27 + XQ [[Xl] of Q [[IX]]. It is easy to prove that R = 27 + XQ [ [Xl] 
is a generalized Dedekind domain (this can be proved either directly or by considering 
the pullback 
R-U 
I I 
QC[Ixll-Q 
and making use of [6, Theorem 4.11). Let I = XZ + X20 [ [Xl] be the principal ideal 
of R generated by X. Then the ring R/I is the trivial extension of the ring Z by the 
Z-module Q/Z. In particular the ring R/Z contains an infinite direct sum of non-zero 
ideals. Therefore R/I has no Krull dimension [9, Proposition 1.41, so that R has no 
Krull dimension either [9, Proposition 1.2(i)]. 
As a partial converse to Corollary 3.2 it was proved in [l, Proposition 2.101 that 
every generalized Dedekind domain in which every non-zero element is contained in 
only finitely many maximal ideals has Krull dimension. 
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Corollary 3.3. In a generalized Dedekind domain a non-zero prime ideal is finitely 
generated if and only if it is maximal. More generally, if P is a non-zero prime ideal of 
a generalized Dedekind domain, a P-primary ideal is$nitely generated if and only tf P is 
maximal. 
Proof. If P is a non-zero prime ideal of a Priifer domain R and Q is a finitely generated 
P-primary ideal, then P is maximal by [S, Theorem 23.3(a)]. 
Conversely, in a piecewise Noetherian ring all maximal ideals are finitely generated 
[l, Corollary 2.41. Hence in a generalized Dedekind domain all maximal ideals are 
finitely generated by Proposition 3.1. But a generalized Dedekind domain is discrete, 
i.e., all its primary ideals are prime powers. Therefore in a generalized Dedekind 
domain all P-primary ideals with P maximal must be finitely generated. 0 
4. Homomorphic images of the field of fractions 
We have already observed that in a locally almost maximal strongly discrete Priifer 
domain R, all the indecomposable injective R-modules are R-homomorphic images of 
the field of fractions F of R. Conversely, if R is an integral domain with field of 
fractions F and every R-homomorphic image of F is injective, then R is a locally 
almost maximal Pri.ifer domain [13, Theorem 51. For a study of the domains R with 
field of fractions F such that every R-homomorphic image of F is injective see [13] 
and [2, Section 41. 
Recall that an integral domain R is h-local if each non-zero prime ideal of R is 
contained in only one maximal ideal of R and each non-zero element of R is contained 
in only a finite number of maximal ideals of R. Note that every Dedekind domain is 
h-local and locally almost maximal. 
Theorem 4.1. Let R be an integral domain with field of fractions F such that every 
R-homomorphic image of F is injective. Then every non-zero prime ideal of R is contained 
in a unique maximal ideal. 
Proof. Suppose not, i.e., suppose there is a non-zero prime ideal P of R contained in 
two distinct maximal ideals M and M’. Let Rs be the ring of fractions of R with respect 
to S = R\(M u M’). Then every Rs-homomorphic image of F is R,-injective. By [2, 
Proposition 4.31 Rs is almost maximal, and hence Rs is h-local [2, Proposition 2.6.1. 
But Rs has a non-zero prime ideal Ps contained in the two maximal ideals MS and Ms. 
This is a contradiction. q 
Dedekind domains can be characterized in terms of their injective modules and 
their homomorphic images also, because an integral domain is a Dedekind domain if 
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and only if every divisible module is injective, or, equivalently, if and only if every 
homomorphic image of an injective module is injective. In Theorem 4.3 we shall 
examine how these properties extend to generalized Dedekind domains. First we state 
an elementary lemma, whose proof is straightforward. 
Lemma 4.2. Every convex subgroup of a divisible totally ordered abelian group is 
divisible. 0 
Theorem 4.3. Let R be a generalized Dedekind domain with jield of fractions F. The 
following statements are equivalent: 
(a) every R-homomorphic image of F is injective. 
(b) R is locally almost maximal. 
(c) R is h-local and locally almost maximal. 
(d) R is almost maximal. 
Proof. (a) *(b) follows from [13, Theorem 51. 
(b) * (c). We must prove that every locally almost maximal generalized Dedekind 
domain R is h-local, Let us prove that each non-zero prime ideal is contained in only 
one maximal ideal of R, i.e., that if M1 and Mz are two distinct maximal ideals of 
R then the only prime ideal of R contained in M, n M2 is the zero ideal. Suppose then 
contrary and let P # 0 be a prime ideal of R maximal with respect to the property of 
being contained in MI n M2 (it exists because R has the a.c.c. on prime ideals). The 
R/P is a generalized Dedekind domain [ 15, Corollary 2.71, and all the localizations of 
R/P at its maximal ideals are maximal valuation domains (because given any 
maximal ideal of R/P, it is equal to M/P for some maximal ideal M of R containing P, 
and (R/P),,, z R,/P, is a proper quotient of the almost maximal valuation domain 
RM, so that it is maximal). Hence the field of fractions of R/P is the field of fractions of 
two independent maximal valuation domains (R/P)M,,p and (R/P)M2,P. By [17, 
Theorem A] the field of fractions of R/P is algebraically closed, so that the value 
group G of (RIP)M,~~ is divisible. Since the valuation domain (R/P)M,,p is 
a homomorphic image of RM,, the valuation domain (R/P),,,,,,r is strongly discrete. 
Hence the value group G of (R/P)M,IP has a convex subgroup isomorphic to Z. But by 
Lemma 4.2 every convex subgroup of the divisible group G must be divisible. This 
contradiction proves that every non-zero prime ideal of R is contained in a unique 
maximal ideal. 
Let us show that each non-zero element a of R is contained in only a finite number 
of maximal ideals. Since R is a generalized Dedekind domain, its principal ideal Ra 
has only finitely many prime ideals minimal over it. Since every non-zero prime ideal 
of R is contained in a unique maximal ideal, there are only finitely many maximal 
ideals containing a. Hence R is h-local. 
(c)o(d) and (d) *(a) are due to Brandal [2, Theorem 2.9 and Proposi- 
tion 4.21. 0 
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5. Spectrum of a generalized Dedekind domain 
Recall that a tree is a partially ordered set (X, 5) with the property that for every 
x E X the set B, = { y E X 1 y I x} is a chain (i.e., a totally ordered set); it is Noetherian 
if every ascending chain xi I x2 I ... of elements of X is stationary. 
We shall consider Noetherian trees with a least element. For instance the spectrum 
Spec R, ordered by inclusion, of any generalized Dedekind domain R is a Noetherian 
tree with a least element, as is easy to verify. Note that in a Noetherian tree (X, I) the 
branches B, = ( y E X 1 y 5 x} are well-ordered in the inverse order 2 
Call a topological space X generalized Dedekind provided X is T,, Noetherian, 
irreducible, every non-empty irreducible closed subset has a generic point, and for 
every x EX the set T, = {Y 1 Y is an irreducible closed subset of X and x E Y} is 
totally ordered by inclusion. 
Given any generalized Dedekind domain R its spectrum X = Spec R with the 
Zariski topology is a generalized Dedekind topological space. This follows immedi- 
ately from [6, Theorem 2.71, [lo], and because for every P l Spec R the set 
T, = { Y 1 Y is an irreducible closed subset of X and P E Y} is the set of all the closures 
of the prime ideals Q of R with Q c P, and these are totally ordered by inclusion 
because the ring RP is a valuation domain. 
We shall denote the closure of a point x of a topological space X by Clx. 
Lemma 5.1. Let (X, I) be a Noetherian tree with a least element. Then thefinite unions 
of the subsets G, = ( y E X 1 x 4 y} of X are the closed sets for a topology on X, and 
X with this topology is a generalized Dedekind topological space. 
Conversely, let X be a generalized Dedekind topological space. Define a relation I on 
the set X via x I y ifC1 x 2 Cl y. Then (X, I) is a Noetherian tree with a least element. 
The two constructions are one inverse of the other. 
Proof. Let (X, 4) be a Noetherian tree with a least element z. For each x EX set 
G, = { y E X 1 x I y}. Let %? be the set of all the finite unions of the G,. Then: 
(1) 0 E%?, because 0 is the union of the empty family. 
(2) X E %?‘, because X = G,. 
(3) The family % is closed for finite unions. 
(4) The family %? is closed for finite intersections: if G, n G,, # 0, there exists 
y EG, n G,,; therefore x,x’ E B,, which is a chain; hence either x 5 x’ or x’ I x, i.e., 
either G, 2 G,, or G,, 2 G,. This proves that given any pair x,x’ EX either 
G, n G,, = 8 or G, n G,, = G, or G, n G,, = G,,. It follows immediately that the 
family %? is closed for finite intersections. 
(5) If there exists a strictly descending chain Ci 3 C2 3 C3 3 ... of elements of %‘, 
then there exists a strictly descending chain D1 2 Dz 3 D3 I ... of elements of 
% with C1 2 D, and D1 = G, for some x EX. 
In order to prove this, let x1, . . . , x, EX be such that C1 = G,, u ... u G,,. Consider 
the t descending chains Ci n G, 2 C2 n G, 3 C3 n G, 2 ... , i = 1,2, . . . , t. There 
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are two cases: either these t chains are all stationary, or one of them is not. If they are 
all stationary, then there exists IZ such that C, n G, = C, + 1 n G,, for all i = 1,2, . . . , t. 
Then 
C, = C, n Ci = C, n( uiGx,) = ui(C, n G,) 
= uitcn+l n G,) = G+I n (UiGx,) = C,+I n CI 
= C n+1, 
and this is a contradiction. Therefore there is an i = 1,2, . . . , t such that the chain 
C, nGxc 2 C, nGG, 2 C3 nG, 2 ... is not stationary. From this chain it is 
possible to extract a strictly descending subchain D1 13 D2 3 D3 3 ... having 
Ci n Gxt = D1 as its first term. Then C1 2 D, and D1 = Cl n G,, = G,,. 
(6) Let us show that the partially ordered set (%?, c ) has the d.c.c. 
Suppose there is a strictly descending chain Ci 2 C2 3 C3 =) ... in %. Then, as we 
have seen in (5), there exists a strictly descending chain G,, 3 D2 =) D3 2 ... in 
%? with y1 EX. Now apply what we proved in (5) to the descending chain 
D2 2 D3 I> ... : there exists a strictly descending chain E, 3 E2 3 E3 3 ... in %? with 
D2 2 El and El = Gy2 for some yz EX. Hence the inclusions in the chain 
GIQ = G,z 3 E2 xEE3 I . . . are strict, and we can apply the property proved in (5) to 
the descending chain E2 2 E, 3 ... In this way we construct a strictly descending 
chain G,, 1 Gy, 1 G, 1 ... with y,,y,,y,, . . . EX, i.e., a strictly ascending chain 
Yl < Y2 -=c Y3 < ... in X. This is a contradiction, because X is Noetherian. Hence 
%? has the d.c.c. 
(7) The family %? is closed for arbitrary intersections: given any subfamily 9 c %?, 
let 9 be the family of all finite intersections of elements of 93, so that 9 is the smallest 
family of sets containing 9 and closed for finite intersections; note that n 9 = n 9. 
We have already proved in (6) that the family %? has the d.c.c.; therefore its subset 
9 has a minimal element I. Since 9 is closed for finite intersections, I is the least 
element of 9. Therefore I ~9 c %? and Z = fly = n 9. 
We have thus shown that the family %? is the family of all the closed sets for 
a Noetherian topology on X. 
It is very easy to verify that the topological space X is To, that its non-empty 
irreducible closed subsets are the sets G, and that these sets are the closures of the 
points, so that every non-empty irreducible closed set has a generic point. In particu- 
lar X = G, is irreducible. Finally, for every x EX the set TX = { YI Y is an irreducible 
closed subset of X and x E Y} = {G, 1 y E X and x 2 y } is totally ordered by inclusion 
because B, = { y E X 1 x 2 y} is a chain. This proves that X with this topology is 
a generalized Dedekind topological space. 
Conversely, let X be a generalized Dedekind topological space. The relation I is 
a partial order on X because X is T,. The partially ordered set (X, I) is a tree, because 
for every x E X the set B, = { y E X 1 y 2 x} = {y E X 1 x E Cl y} is totally ordered (the 
set TX = {Y 1 Y is an irreducible closed subset of X and x E Y} is totally ordered by 
inclusion). It follows immediately that (X, I) is a Noetherian tree with a least element. 
The two constructions are one inverse of the other by [lo, Proposition 141. q 
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A lattice group is an (additive) abelian group provided with a partial order relation 
compatible with its group operation (a,b,c E G and a I b imply a + c < b + c), which 
makes it a lattice. In this case G, will denote the set of all g E G with g 2 0 and G*, will 
denote the set of all g E G with g > 0. 
A subset I of a lattice group G is a prime ideal of G if(i) is a subset of GT , (ii) x E I, 
y E G and y > x imply y E I, (iii) x,y E I implies x A y EZ, and (iv) G+ \Z is closed 
under addition. For instance the empty set is a prime ideal of G trivially. 
Given a Bezout domain R with field of fractions F, set D* = D\ (0) for every subset 
D of F, and let U(R) denote the multiplicative group of all units of R. Let 
G(R) = F*/U(R) and let w: F* + G(R) be the canonical projection. Then G(R), 
written additively, is a lattice group with G(R)+ = w(R*); it is called the group of 
divisibility of R. 
If R is a Bezout domain, the map from Spec R to the subsets of its group of 
divisibility which takes P E Spec R to w( P*) is an order isomorphism between Spec R 
and the set of prime ideals of G(R). If Z = w(P*) is the prime ideal of G corresponding 
to the prime ideal P of R, let H be the subgroup of G(R) generated by G(R)+ \Z. Then 
H = {g - g’lg,g’ l G(R)+\Z}, b ecause G(R)+ \Z is closed under addition, and the 
group of divisibility G(R,) of the localization RP of R at P is order isomorphic to 
G(R)/H; the partial order on G(R)/H is that one defined by (G(R)/H)+ = 
{g + H 1 g E G(R)+ } [3, Propositions 1.2 and 1.31. 
Fix a Noetherian tree X with a least element z. If x,y EX, x < y and there does not 
exist an element of X properly between x and y, we shall write x 4 y. Since all 
branches B, = { y EX 1 y I x} of X are well-ordered with respect to the inverse order 
2 , X satisfies Kaplansky’s two properties for a partially ordered set [l 11: (K 1) every 
non-empty chain in X has a supremum and an infimum; (K2) if x,y E X and x < y then 
there exist two elements x’,y’ EX such that x I x’ 6 y’ I y. 
An in [l l] set X* = { y EX 1 there exists x EX such that x 4 y}. Note that in this case 
X* = X\{z}, because X is Noetherian and given any y EX, y # z, an element x EX is 
such that x 4 y if and only if x is a maximal element in the non-empty set {t E X 1 t < y }. 
Let 
A = {f: X* -+ 7 If(x) = 0 for all but a finite number of x EX*} 
be the free abelian group on the set X *. For every f E A define the support S(f ) of 
f as S(f)={ x EX*If(x)#O), and the minimal support MS(f) of f as 
MS(f)={x~X*~f(x)#Oandf(y)=Oforally~x}.IfA+={f~A~f(x)~Ofor 
all x E MS(f)}, then A is a lattice group [ll, Lemma 3.31, and the set of prime ideals 
of A, ordered by inclusion, is order isomorphic to X [ll, Theorem 3.41: given any 
p E X the prime ideal of A corresponding to p is Zp = { f E AT ) there exists s E MS(f) 
such that s I p}. 
Lemma 5.2. In the above notation, ifp is an element of X and Zr is the prime ideal of 
A corresponding to p, then the subgroup of A generated by A+ \I, is 
H = {f half = Ofor all x EX*, x I p}. 
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Proof. Since H = {f E A If(x) = 0 for all x E X*, x I p} is a subgroup of A, it is 
sufficient to show that A + \Z, E H and that every element of H is the difference of two 
elements of A, \I,. 
IffcA, andf$I,, then there does not exist s EMS(~) such that s I p. Hence 
f(x) = 0 for all x E X* with x I p, i.e., f E H. 
Letf E A be such thatf(x) = 0 for all x I p. Consider the two elementsf+ andf- of 
A defined by f’(x) =f(x) if f(x) 2 0, f’(x) = 0 if f(x) < 0, f-(x) = 0 if f(x) 2 0, 
f-(x) = -f(x) if f(x) < 0. Then f+,f- EA+ and f’ -f- =$ Moreover, f + 4 Ip, 
otherwise there would exist s l MS(f+) such that s 5 p, so that f(s) # 0, contradic- 
tion. Similarly f- $ ZP. This proves the lemma. 0 
By Jaffard’s Theorem there exists a Bezout domain R whose group of divisibility 
is order isomorphic to A; and the prime spectrum of R is order isomorphic to X by 
[ll, Theorem 3.11. 
Given any non-zero element r E R and any prime ideal P in R, let f E A be the 
valuation of r in the group of divisibility A of R and p the element of X corresponding 
to P (so that ZP is the prime ideal of G corresponding to P). Then r EP if and only if 
~EZ~, that is, if and only if there exists s E MS(f) such that s I p. It follows that the 
minimal prime ideals of the non-zero principal ideal Rr of R are those whose 
associated prime ideals of G are the I,, s EMS(S). In particular the set of all the 
minimal prime ideals of Rr is finite. 
If P is any prime ideal of R and p is the element of X corresponding to P in the order 
isomorphism of Spec R with X, we have seen in Lemma 5.2 that the subgroup of 
A generated by A+\Z,is H = {f~Alf(x) = 0 for all x EX*, x i p}. It follows that 
the group of divisibility of the localization RP is order isomorphic to the group A/H, 
where the partial order on A/H is defined by (A/H)+ = {f+ HI_/“EA+}. Set 
B,*={x~X*lx~p} andL={f:B,* + Z 1 f(x) = 0 for all but a finite number of 
x E Z?f ). Then the groups A/H and L are naturally isomorphic via the isomorphism 
induced by the restriction, and this isomorphism is an order isomorphism if L is given 
the order of the (weak) lexicographic sum of one copy of Z for each x E B,* [S, p. 1671. 
Since Bp* is totally ordered, the lexicographic sum L is a totally ordered discrete 
abelian group. Hence the localizations RP are discrete valuation domains. Since 
Spec R is order isomorphic to X, it follows that R has the a.c.c. on the prime ideals. 
Therefore R is a generalized Dedekind domain. We have thus proved the following 
theorem. 
Theorem 5.3. Let X be a partially ordered set. The following statements are equiva- 
lent: 
(a) X is a Noetherian tree with a least element. 
(b) There exists a generalized Dedekind domain R whose prime spectrum (Spec R, s ) 
is order isomorphic to X. 0 
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